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INTEGRAL LIOUVILLE THEOREM IN A COMPLETE RIEMANNIAN
MANIFOLD
ABSOS ALI SHAIKH1∗ AND CHANDAN KUMAR MONDAL2
Abstract. If the Killing vector field in a Riemannian manifold is the gradient of a smooth
real valued function, then it is called Killing potential. In this paper we have deduced a
necessary condition for the existence of Killing potential in a complete Riemannian manifold.
Yau proved the Liouville theorem of harmonic function in a Riemannian manifold using gradient
estimation and after that many authors have generalized this concept and investigated various
types of Liouville theorems of harmonic functions. In this article we have also proved a Liouville
theorem in integral form of harmonic functions in a complete Riemannian manifold. Finally
we have studied the behaviour of harmonic functions in a complete Riemannian manifold that
satisfies some gradient Ricci solition and showed that harmonic function is a constant multiple
of distance function along some geodesics.
1. Introduction
The field of harmonic analysis in a Riemannian manifold was developed by the seminal work
of Yau [23] in 1985. The existence of harmonic function is very significant in differential ge-
ometry as it depends on the topological and geometrical properties of a manifold. In that
paper Yau proved Liouville theorem for positive harmonic functions on a complete manifold
with positive semi-definite Ricci curvature. In particular, he showed that a positive harmonic
function on such a manifold must be constant. Since then the study of various aspects of har-
monic functions become an active research area in the field of geometric analysis and various
authors proved many important results in this field, for reference see ([16], [22], [8], [9]). Later
Yau’s Liouville theorem has been generalized and extended. Cheng-Yau [6] generalized the
Liouville theorem and proved Harnack inequality. Andersen [2] and Sullivan [20] proved that
simply connected Riemannian manifolds of negative sectional curvature admits many bounded
harmonic functions. For more results see [10]. Recently, this result was extended by Xia [26]
in Finsler manifolds under the condition that the weighted Ricci curvature has a lower bound
and by Zhang-Zhu [27] to the Alexandrov spaces. Liouville theorem has also been extended in
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case of subharmonic functions, see [5].
Motivating by these works, we have proved a Liouville theorem in integral form and studied
the behaviour of harmonic functions in a complete Riemannian manifold. In particular, we have
showed that in a complete Riemannian manifold (M, g) if a harmonic function takes negative
value at a point, where the Riemannian metric g is rotationally symmetric and whose injective
radius is greater than one, then the integration of the harmonic function in any open ball with
center at that particular point and radius less than the injective radius of that point remains
invariant. We also showed that in a complete non-compact Riemannian manifold which satis-
fies gradient Ricci solition, harmonic function is equivalent to the distance function, i.e., they
differ by some constant terms. We have also studied the Killing vector field in a Riemannian
manifold and proved the non-existence of Killing potential in a complete Riemannian manifold
with positive lower bound Ricci curvature.
The paper is organized as follows: Section 2 deals with some preliminaries concept of Rie-
mannian manifold and some definitions, which are needed for the rest of this paper. Section 3
deals with the study of the Killing vector field and Killing potential in a complete Riemannian
manifold. In this section we have deduced a necessary condition for the existence of Killing po-
tential in a complete Riemannian manifold. Section 3 is devoted to the study of some properties
of harmonic functions and proved a Liouville theorem, which is the main theorem in this article,
for a non-positive harmonic function. In this section we have also deduced some inequalities of
harmonic functions and superharmonic functions in a complete Riemannian manifold. In the
last section, we have investigated the behavior of harmonic functions in a complete Riemannian
manifold satisfying gradient Ricci solition and showed that such harmonic function reduces to
a simple form along some geodesics.
2. Preliminaries and definitions
In this section we have discussed some basic facts of a Riemannian manifold (M, g), which
will be used throughout this paper (for reference see [17]). The tangent space at the point
p ∈M is denoted by TpM and the tangent bundle is defined by TM = ∪p∈MTpM . The length
l(γ) of the curve γ : [a, b]→M is given by
l(γ) =
∫ b
a
√
gγ(t)(γ′(t), γ′(t)) dt
=
∫ b
a
‖γ′(t)‖ dt.
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A curve γ is said to be a geodesic if ∇γ′(t)γ′(t) = 0 ∀t ∈ [a, b], where ∇ is the Riemannian
connection of g. For any point p ∈M , the exponential map expp : Vp → M is defined by
expp(u) = γu(1),
where γu is a geodesic with γ(0) = p and γ
′
u(0) = u and Vp is a collection of vectors of TpM such
that for each element u ∈ Vp, the geodesic with initial tangent vector u is defined on [0, 1]. It
can be easily seen that for a geodesic γ, the norm of a tangent vector is constant, i.e., ‖γ′(t)‖ is
constant. If the tangent vector of a geodesic is of unit norm, then the geodesic is called normal.
If the exponential map exp is defined at all points of TpM for each p ∈ M , then M is called
complete. Hopf-Rinow theorem provides some equivalent cases for the completeness of M . Let
x, y ∈M . The distance between p and q is defined by
d(x, y) = inf{l(γ) : γ be a curve joining x and y}.
A geodesic γ joining x and y is called minimal if l(γ) = d(x, y). Hopf-Rinow theorem guarantees
the existence of minimal geodesics between two points of M . The injective radius inj(x) of a
point x ∈M is the largest r > 0 for which any geodesic of length less than r and having x as an
endpoint is length minimizing. Let x ∈ M and 0 < r < inj(x), then in Br(x) we can define the
polar coordinates of Rn as (r, θ1, · · · , θn−1), the metric of M can be expressed in polar form,
i.e.,
(1) ds2 = dr2 +
∑
i,j
gijdθ
idθj = dr2 + h(r, θ)2dΘ2
on Br(x), where gij = g(
∂
∂θi
, ∂
∂θj
) and dΘ2 is the canonical metric on the unit sphere of TxM .
Hence r(y) denotes the geodesic distance from x to y for any y ∈ Br(x). The Riemannian volume
element of ∂Br(x) can be expressed as dSr =
√
D(r,Θ)dθ1 · · · dθn−1, where D = det(gij). If
the function h in (1) depends only on r but not on θ, then M is called rotationally symmetric
[7] at x.
A smooth vector field is a smooth function X : M → TM such that π ◦ X = idM , where
π : TM → M is the projection map. Given any vector field X ∈ χ(M) and a covariant tensor
field ω of order r on a Riemannian manifold, the Lie derivative of ω with respect to X is defined
by
(LXω)(X1, . . . , Xr) = X(ω(X1, . . . , Xr))−
r∑
i=1
ω(X1, . . . , [X,Xi], . . . , Xn),
where Xi ∈ χ(M) for i = 1, . . . , r. In particular, when ω = g, then
(LXg)(Y, Z) = g(∇YX,Z) + g(Y,∇ZX) for Y, Z ∈ χ(M).
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Gromoll and Meyer [14] introduced the notion of pole in a Riemannian manifold. A point
o ∈ M is called a pole of M if the exponential map at o is a global diffeomorphism and a
manifold M with a pole o is denoted by (M, o). If a manifold possesses a pole then it can be
easily seen that the manifold is complete although the converse does not hold always, see [15].
Simply connected complete Riemannian manifold with non-positive sectional curvature and a
two-dimensional sphere with one point removed are the examples of Riemannian manifolds with
a pole.
The gradient of a smooth function u : M → R at the point p ∈ M is defined by ∇u(p) =
gij ∂u
∂xj
∂
∂xi
|p . It is the unique vector field such that g(∇u,X) = X(u) for any smooth vector field
X in M . The Hessian Hess(u) is the symmetric (0, 2)-tensor field, defined by ∇2u(X, Y ) =
Hess(u)(X, Y ) = g(∇X∇u, Y ) for all smooth vector fields X, Y ofM . In local coordinates this
can be written as
(∇2u)ij = ∂iju− Γkij∂ku.
Hence in general one can write
|∇ku|2 = gi1j1 · · · gikjk(∇ku)i1···ik(∇ku)j1···jk .
For an integer k and a real number p ≥ 1, we use the following notation
C∞k (M) =
{
u ∈ C∞(M) :
∫
M
|∇ju|pdV <∞, ∀j = 0, · · · , k
}
.
Definition 2.1. The Sobolev space W k,p(M) is the completion of Cpk(M) with respect to the
norm
‖u‖W k,p =
k∑
j=0
(∫
M
|∇ju|pdV
)1/p
.
A function u ∈ C∞(M) is said to belong in the class W k,ploc (M) if for each point x ∈M there
exists a function ϕ ∈ C∞(M) with compact support such that ϕ ◦ u belongs to W k,p(M). For
a vector field X , the divergence of X is defined by
div(X) =
1√
g
∂
∂xj
√
gXj,
where g = det(gij) and X = X
j ∂
∂xj
. The Laplacian of u is defined by ∆u = div(∇u).
Definition 2.2. [23] A C2-function u :M → R is said to be harmonic if ∆u = 0. The function
u is called subharmonic (resp. superharmonic) if ∆ ≥ 0 (resp. ∆u ≤ 0).
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Definition 2.3. [21] A real valued function u on M is called convex if for every geodesic
γ : [a, b]→M , the following inequality holds
u ◦ γ((1− t)a + tb) ≤ (1− t)u ◦ γ(a) + tu ◦ γ(b) ∀t ∈ [0, 1],
or if u is differentiable, then
g(∇u,X)x ≤ u(expx∇u)− u(x), ∀X ∈ TxM.
3. Killing potential in a manifold with positive Ricci curvature
A smooth vector field X ∈ χ(M) is a Killing vector field [17] if
LXg = 0, i.e., g(∇YX,Z) + g(Y,∇ZX) = 0 ∀Y, Z ∈ χ(M).
Killing vector field X has the property that local 1-parameter group generated by X consists
of local isometries. The existence of Killing vector field implies various interesting geometric
and topological structures of a Riemannian manifold. For example, every two dimensional
Riemannian manifold with a unit Killing vector field is isometric to one of the complete surfaces
[3]: the Euclidean plane, cylinder, torus, Mo¨bius strip or Klein bottle. If a complete non-
compact Riemannian manifold M with negative semi-definite Ricci curvature admits a non-
trivial Killing vector field with finite global norm, then volume of M is finite [25].
In 1999, Cra˘s¸ma˘reanu [11] defined the notion of Killing potential in a complete Riemannian
manifold. A function f ∈ C∞(M) is called Killing potential if ∇f is a Killing vector field
[11]. Cra˘s¸ma˘reanu also classified the manifolds which admit non-trivial Killing potential [11,
Classification Theorem].
In this section we will prove that no non-trivial Killing potential exists in a complete Riemannian
manifold with positive definite Ricci curvature.
Theorem 1. There does not exist any non-trivial Killing potential u ∈ C2(M) in a complete
Riemannian manifold M with RicM ≥ cg for some constant c > 0.
Proof. Suppose u ∈ C2(M) is a non-trivial Killing potential. Now Hessian of u vanishes [11].
Since u is a Killing potential so u is harmonic function [11]. Hence using Bochner’s formula we
get
1
2
∆|∇u|2 = |Hess(u)|2 +Ric(∇u,∇u) = Ric(∇u,∇u).
Again RicM ≥ cg implies that
∆|∇u|2 ≥ 2cg(∇u,∇u) = 2c|∇u|2.
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Since u is Killing potential so ∇u is covariant constant field [11], i.e., ∇X(∇u) = 0 ∀X ∈
χ(M), which implies that g(∇u,∇u) = C, for some constant C > 0. Hence ∆|∇u|2 = 0 and it
leads to a contradiction. Hence u is constant. 
Lemma 2. [3, Corollary 2] A complete Riemannian manifold M of negative definite Ricci
curvature has no nontrivial Killing fields of constant length.
Hence we state the following:
Corollary 2.1. If a complete Riemannian manifold M admits a Killing potential u ∈ C∞(M),
then Ric(∇u,∇u)p = 0 ∀p ∈M .
4. Some inequalities of harmonic functions in a complete Riemannian manifold
In this section, we have proved that if a harmonic function attains negative value at a point
in a complete Riemannian manifold then the integral of that function ramains invariant in any
ball with center at that particular point. The main theorem of this section is as follows:
Theorem 3 (Integral Liouville Theorem). Let M be a complete Riemannian manifold and
u : M → R be a harmonic function. If there exists a point p ∈ M , where M is rotationally
symmetric and u(p) < 0 with inj(p) > 1, then∫
Br
(K + u)dV = 0 ∀r ∈ [0, inj(p)),
for some constant K > 0.
Proof. Let p ∈M be a fixed point and Br be an open geodesic ball with center at p and radius
r such that 0 ≤ r ≤ inj(p) and also inj(p) > 1. Now for each r > 0, we define
(2) v(r) =
1
V ol(∂Br)
∫
∂Br
udSr,
where dSr is the (n− 1)-dimensional volume element of Br. Since M is rotationally symmetric
at p so using (1) and (2), we get
v(r) =
1
V ol(∂B1)
∫
∂B1
u(rη)dS1.
Now differentiating the above function with respect to r, we obtain
v′(r) =
1
V ol(∂B1)
∫
∂B1
∂u
∂r
(rη)dS1 =
1
V ol(∂Br)
∫
∂B1
∂rudSr.
Hence for r > 0, by using divergence theorem, we get
v′(r)V ol(∂Br) =
∫
Br
∆udV.
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In view of harmonicity of u, the above equation implies that v′(r) = 0, i.e., v = C, a constant.
Since v is continuous so v is constant in [0, inj(p)). Hence (2) implies that
(3)
∫
∂Br
udSr = CV ol(∂Br).
Since u(p) < 0, then there exists ǫ > 0, such that u < 0 in ∂Bǫ. Hence
C =
1
V ol(∂Bǫ)
∫
∂Bǫ
udSǫ < 0.
Suppose C = −K, where K > 0. Hence
V ol(∂Br) = − 1
K
∫
∂Br
udSr.
Now from (3), we get
(4) V ol(Br) =
∫ r
0
V ol(∂Bt)dt = − 1
K
∫ r
0
∫
∂Bt
udStdt = − 1
K
∫
Br
udV.
The above equation implies that ∫
Br
dV +
1
K
∫
Br
udV = 0,
i.e., ∫
Br
(K + u)dV = 0, ∀r ∈ [0, inj(p)).

Corollary 3.1. Suppose (M, o) is a Riemannian manifold with a pole o and is rotationally
symmetric at o. If u : M → R is a harmonic function such that f(o) < 0, then there exists a
constant K > 0 such that
(5)
∫
Br(o)
(K + u)dV = 0, ∀r ∈ [0,∞).
Theorem 4. Assuming the conditions of the above corollary with RicM ≥ 0, there exists a
constant C such that
(6)
∫
Br(o)
(C + u)dV = 0, ∀r ∈ [0,∞).
Proof. Let u ∈ C2(M) be a harmonic function. Since a manifold with positive semi-definite
Ricci curvature does not admit any non-constant positive harmonic function [19, p. 21], so
there exists a point q ∈M such that u(q) ≤ 0. Without loss of generality we can take u(q) < 0,
otherwise we have to subtract some positive constant. If u(o) < 0, then taking p = o the proof
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is complete. If u(o) ≥ 0, then take f(x) = u(x) − u(o) for x ∈ M . Hence f is harmonic and
f(o) < 0. So using above corollary we get there is a constant K such that for all r > 0
0 =
∫
Br(o)
(K + f)dV,
=
∫
Br(o)
(K + u(x)− u(o))dV.
Hence taking C = K + u(o), we get our result. 
Corollary 4.1. Let (M, o) be a Riemannian manifold with RicM ≥ 0. Suppose M is rotation-
ally symmetric at o. Then all non-constant convex functions u ∈ C2(M) with |∇u| ∈ L1(M)
satisfy ∫
Br
(K + u)dV = 0, ∀r ∈ [0,∞),
for some constant K.
Proof. Since u is convex so u is subharmonic. Since v has integrable norm so u is harmonic
[24]. Hence the proof follows from the above Theorem. 
Definition 4.1. [9] A complete Riemannian manifoldM is said to satisfy a uniform Neumann-
Poincare´ inequality if there exists CN <∞ such that, for all p ∈M , r > 0 and u ∈ W 1,2loc (M),∫
Br
(
u− 1
V ol(Br)
∫
Br
udV
)2
dV ≤ CNr2
∫
Br
|∇u|2dV.
Yau [23] developed the method of gradient estimate of harmonic function in a manifold and
proved that for any complete Riemannian manifold with RicM > −K, where K ≥ 0 is a
constant, every harmonic function u which is bounded below satisfies the following inequality
(7) |∇u| ≤
√
(n− 1)K(u− inf
M
u).
Now integrating the above inequality in Br and using (4) and infM u = −c < 0, for some c > 0,
we obtain
(8)
∫
Br
|∇u|2dV ≤ (n− 1)K
∫
Br
(u+ c)dV.
Now suppose that M satisfies a uniform Neumann-Poincare´ inequality and also u ∈ W 1,2loc (M),
then ∫
Br
(
u− 1
V ol(Br)
∫
Br
udV
)2
dV ≤ CNr2
∫
Br
|∇u|2dV,
for some constant CN <∞. Now (8) implies that∫
Br
(
u− 1
V ol(Br)
∫
Br
udV
)2
dV ≤ (n− 1)KCNr2
∫
Br
(u+ c)2dV.
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Again using Theorem 3, the above inequality implies that, there is a constant C > 0 such that
(9)
∫
Br
(
u+ C
)2
dV ≤ (n− 1)KCNr2
∫
Br
(u+ c)2dV.
Hence we arrive at the following conclusion:
Proposition 5. Let M be a n-dimensional complete Riemannian manifold with RicM > −K,
for K > 0 and u ∈ W 1,2loc (M) be a harmonic function and also M satisfies a uniform Neumann-
Poincare´ inequality. If u is bounded below and there is a point p ∈ M where M is rotationally
symmetric and such that u(p) < 0 with inj(p) > 1, then there exist C > 0, CN and c > 0,
depending only on n, such that, for 0 ≤ r < inj(p), the following inequality holds
(10)
∫
Br
(
u+ C
)2
dV ≤ (n− 1)KCNr2
∫
Br
(u+ c)2dV.
5. Harmonic function and gradient Ricci soliton
A Riemannian manifold (M, g) is said to be a Ricci soliton generator if there exists a smooth
vector field X ∈ χ(M) satisfying
(11) LXg +Ric = cg,
where c is a constant. Ricci soliton generators are natural generalization of Einstein metrics and
it is a special solution of Ricci flow [4]. A Ricci soliton generator is shrinking soliton, steady
soliton or expanding soliton according as c > 0, c = 0 or c < 0. Let (M, g) be a complete
manifold. Then it is said to be complete gradient Ricci soliton if there exists a smooth function
u : M → R such that
(12) L∇ug +Ric = cg.
Gradient Ricci solitons have been studied quite extensively in last decade, see([18], [12]).
In this section we have studied general form of gradient Ricci soliton generator where the
potential function is harmonic and proved that the harmonic function takes a simple form along
some geodesic.
Theorem 6. Let (M, g) be a complete non-compact Riemannian manifold with RicM > −K,
where K > 0. If there exists a harmonic function u ∈ C2(M) which is bounded below and
satisfies
(13) L∇ug +Ric ≥ cg,
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then for some geodesic γ : [0,∞)→ M , the function u takes the form
(14) u(γ(t)) =
1√
(n− 1)K (ct+G), ∀0 ≤ t <∞,
for some constant G.
Proof. Since M is not compact, so by Ambrose’s compactness criteria [1] there exists a geodesic
γ : [0,∞)→ M , parametrized by arc length, such that
(15)
∫
∞
0
Ric(γ′, γ′)dt <∞.
Then taking X = ∇u, along γ we have
LXg(γ′, γ′) = 2g(∇γ′X, γ′) = 2 d
dt
[g(X, γ′)].
Hence using above equation and (13), we obtain
Ric(γ′, γ′) ≥ cg(γ′, γ′)− 2 d
dt
[g(X, γ′)].
Now taking γ(0) = q and integrating and using the Cauchy-Schwarz inequality, we get∫ T
0
Ric(γ′, γ′)dt ≥ c
∫ T
0
g(γ′, γ′)dt− 2
∫ T
0
d
dt
[g(X, γ′)]dt
≥ cT + 2g(Xq, γ′(0))− 2g(Xγ(T ), γ′(T ))
≥ cT + 2g(Xq, γ′(0))− 2
∥∥Xγ(T )∥∥ .
Now from (15), we get
lim
T→∞
(cT + 2g(Xq, γ
′(0))− 2 ∥∥Xγ(T )∥∥) <∞.
Hence
(16) lim
T→∞
(cT − 2 ∥∥Xγ(T )∥∥) <∞.
Since RicM > −K and u is harmonic with lower bound, then gradient estimate Theorem (7)
implies that
lim
T→∞
(cT − 2
√
(n− 1)K(u− inf
M
u)) <∞.
Consequently
lim
T→∞
(cT − 2u
√
(n− 1)K) <∞.
Hence there exists a constant G such that
(17) u(γ(t)) =
1√
(n− 1)K (ct+ G), ∀0 ≤ t <∞,

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There are some immediate consequences of the above theorem.
Corollary 6.1. Suppose (M, g) is a complete non-compact Riemannian manifold with RicM >
−K. If there is non-positive harmonic function u ∈ C2(M) satisfying (13) for some positive
constant c, then u is constant. Hence M satisfies Ric ≥ cg.
Corollary 6.2. Let M be a complete Riemannian manifold with RicM > −K. If there is a
convex function u ∈ C2(M) which is bounded below and |∇u| ∈ L1(M) and also satisfies (13),
then there is a geodesic γ : [0,∞)→M , where u takes the form (14).
Proof. The convexity of u implies that u is subharmonic [13]. Yau [24] proved that any sub-
harmonic function u ∈ C2(M) with integrable norm on a complete Riemannian manifold is
harmonic. Hence this corollary follows from Theorem 6. 
Acknowledgment
The second author greatly acknowledges to The University Grants Commission, Government
of India for the award of Junior Research Fellowship.
References
[1] Ambrose, W., A Theorem of Myers, Duke Math. J., 24 (1957), 345–348.
[2] Anderson, M. T., The Dirichlet problem at infinity for manifolds of negative curvatur, J. Diff. Geom., 18
(1983), 701–721.
[3] Berestovski˘l, V. N., and Nikonorov, Y. G., Killing vector fields of constant length on Riemannian manifolds,
Siberian Math. J., 49(3) (2008), 395–407.
[4] Cao, H. D., Geometry of Ricci solitons, Chinese Ann. Math. Ser. B, 27 (2006), 121–142.
[5] Cao, H. D., A Liouville-type theorem for complete Riemannian manifolds, Bull. Korean Math. Soc.,35
(1998), 301–309.
[6] Cheng, S. Y. and Yau, S. T., Differential equations on Riemannian manifolds and their geometric applica-
tions, Comm. Pure Appl. Math., 28 (1983), 333–354.
[7] Choi, H. I., Characterizations of simply connected rotationally symmetric manifolds, Trans. Amer. Math.
Soc., 275(2) (1983), 723–727.
[8] Chung, L. O., Existence of harmonic L1 functions in complete Riemannian manifolds, Proc. Amer. Math.
Soc., 88(3) (1983), 531–532.
[9] Colding, T. H., and Minicozzi, W. P., II., Harmonic functions on manifolds, Ann. Math., 146(3) (1997),
725–747.
[10] Colding, T. H., and Minicozzi, W. P., II., Generalized Liouville properties of manifolds, Math. Research
Letters, 3 (1997), 723–729.
[11] Cra˘s¸ma˘reanu, M., Killing potentials, An. S¸tiint¸. Univ. Al. I. Cuza Ias¸i. Mat.(NS), 45(1) (1999), 169–176.
12 A. A. SHAIKH AND C. K. MONDAL
[12] Eminenti, M., La, N. and Mantegazza, C., Ricci solitons: the equation point of view, Manuscripta Math.,
127(3) (2009), 345–367.
[13] Greene, R. E. and Wu. H., On the subharmonicity and plurisubharmonicity of a geodesic convex function,
Indiana Univ. Math. J., 22 (1971), 641–653.
[14] Gromoll, D. and Meyer, W., On complete open manifolds of positive curvature, Ann. Math., 90(1) (1969),
75–90.
[15] Itoh, M., Some geometrical aspects of Riemannian manifolds with a pole, Tsukuba J. Math., 4(2) (1980),
291–301.
[16] Murata, M. and Tsuchida, T., Uniqueness of L1 harmonic functions on rotationally symmetric Riemannian
manifolds, Kodai Math. J., 37 (2014), 1–15.
[17] Petersen, P., Riemannian geometry, Springer-Verlag, New York, 2006.
[18] Petersen, P. and Wylie, W., On the classification of gradient Ricci solitons, Geom. & Topology, 14 (2010),
2277–2300.
[19] Schoen, R. and Yau, S.T., Lectures on differential geometry. Conference Proceedings and Lecture Notes in
Geometry and Topology, I. International Press, Cambridge, MA, 1994.
[20] Sullivan, D., The Dirichlet problem at infinity for a negatively curved manifol, J. Diff. Geom., 18 (1983),
723–732.
[21] Udris¸te, C., Convex Functions and Optimization Methods on Riemannian Manifolds, Kluwer Academic
Publisher, 1994.
[22] Xu, G., Three circles theorems for harmonic functions, Math. Ann., 366 (2016), 1281–1317.
[23] Yau, S. T., Harmonic functions on complete riemannian manifolds, Commu. Pure Appl. Math., 28 (1975),
201–228.
[24] Yau, S. T., Some function-theoretic properties of complete Riemannian manifold and their applications to
geometry, Indiana. Univ. Math. J., 25(7) (1976), 659–670.
[25] Yorozu, S., Killing vector fields on complete Riemannian manifolds, Proc. Amer. Math. Soc., 84(1) (1982),
115–120.
[26] Yorozu, S., Local gradient estimate for harmonic functions on Finsler manifolds, Calc. Var. Partial Differ-
ential Equations, 51(3-4) (2014), 849–865.
[27] Zhang, H. C. and Zhu, X. P., Yaus gradient estimates on Alexandrov spaces, J. Diff. Geom., 91(3) (2012),
445–522.
1,2The University of Burdwan,
Department of Mathematics,
Golapbag, Burdwan-713104,
West Bengal, India.
1E-mail:aask2003@yahoo.co.in, aashaikh@math.buruniv.ac.in
2E-mail:chan.alge@gmail.com
